In this short note we state a general hybrid convolution identity involving Balancing and Lucas-Balancing numbers. We present different classes of examples including binomial coefficients and other sequences like Catalan numbers, Fibonacci numbers and Lucas numbers.
Introduction
In 1999, Behera and Panda introduced a new sequence of numbers called Balancing numbers ( [1] ). A positive integer x is a Balancing number with balancer r, if it is the solution to the Diophantine equation 1 + 2 + · · · + (x − 1) = (x + 1) + (x + 2) + · · · + (x + r). The set of Balancing numbers is denoted by (B n ) n≥0 . Balancing numbers satisfy the following recurrence relation: B n+1 = 6B n − B n−1 , n ≥ 1, with initial conditions B 0 = 0 and B 1 = 1. Another result about Balancing numbers is, that B n is a Balancing number, if and only if B 2 n is a triangular number, i.e., 8B 2 n + 1 is a perfect square. The sequence C n = 8B 2 n + 1 is called a Lucas-Balancing number. It satisfies the same recurrence relation as B n : C n+1 = 6C n − C n−1 with initial conditions C 0 = 1 and C 1 = 3. (B n ) n≥0 is sequence A001109 in the OEIS [13] , whereas (C n ) n≥0 is A001541 in OEIS. Many authors have studied the properties of B n and C n . See [3] , [5] , [6] , [8] - [12] . Recently, Ray and Sahu [12] have established the following interesting convolutions for r ≥ 1 (Lemma 4.3 in [12] )
and the hybrid identity
In this note we state more hybrid identities for Balancing and LucasBalancing numbers. We prove a much more general result that contains (3) as a special case. A special class of important examples contains products of Balancing and Lucas-Balancing numbers with other sequences like Catalan numbers, Fibonacci numbers and Lucas numbers.
Main Result
The main result of this note is the following identity, which was derived by Carlitz in [2] for Fibonacci numbers. A slightly modified version also holds for Balancing numbers.
Theorem 2.1. Let r ≥ 1 be an integer and B n and C n be the Balancing and Lucas-Balancing numbers. Let further T (n, k), 0 ≤ k ≤ n, be a sequence of numbers that satisfy the symmetry relation T (n, k) = T (n, n − k). Then, the following identity is valid:
PROOF: The Binet forms for B n and C n are given by, respectively,
and therefore
Examples
The list of examples that we can state is long. To keep the note readable, we structure the list and choose examples from three different classes: basic identities, identities that involve binomial coefficients and identities that use related number sequences as inputs.
Basic Examples
Example 3.1. T (n, k) = 1. This gives
Examples Involving Binomial Coefficients
Most of the sums that we need in section are taken from [4] . 
Example 3.8. T (n, k) = 
Example 3.9.
and
Examples Involving Other Sequences
Even more interesting identities are obtained if we choose other sequences as inputs.
n is the n-th Catalan number, which is defined by
Example 3.11.
Let F n and L n denote the n-th Fibonacci and Fibonacci-Lucas number, respectively.
Example 3.14.
In our final examples, T (n, k) will be a function of B n and C n itself.
Example 3.17. T (n, k) = C mk C m(n−k) (m ≥ 1). Then, it is also easily shown that
Concluding Remarks: Similar identities can be stated for hybrid convolutions involving Bernoulli numbers, Eulerian numbers and many others. Also, for all the special cases presented here there is an analogue hybrid convolution involving Fibonacci and Lucas numbers of the original form due to Carlitz:
Finally, it is worth to mention that a similar relation also holds for (ordinary) convolutions involving B n , C n , F n and L n : If a sequence of numbers G(n, k) satisfies the relation G(n, k) = −G(n, n − k), then n k=0 G(n, k)X rk X r(n−k) = 0,
for X n ∈ {B n , C n , F n , L n }.
